Dynamical twists in Hopf algebras by Mombelli, Juan Martin
ar
X
iv
:m
at
h/
07
01
75
8v
2 
 [m
ath
.Q
A]
  2
5 A
pr 
20
07
DYNAMICAL TWISTS IN HOPF ALGEBRAS
JUAN MARTI´N MOMBELLI
Abstract. We establish a bijective correspondence between gauge equi-
valence classes of dynamical twists in a finite-dimensional Hopf algebra
H based on a finite abelian group A and equivalence classes of pairs
(K, {Vλ}λ∈ bA), where K is an H-simple left H-comodule semisimple al-
gebra and {Vλ}λ∈ bA is a family of irreducible representations satisfy-
ing certain conditions. Our results generalize the results obtained by
Etingof-Nikshych on the classification of dynamical twists in group al-
gebras.
1. Introduction
The notion of dynamical twist introduced in [B], see also [BBB], is a
generalization of Drinfeld’s notion of twist to the dynamical setting. More
precisely, if A is a finite Abelian subgroup of the group of group-like el-
ements of a Hopf algebra H a dynamical twist for the pair (H,A) is a
function J : Â → H⊗H satisfying certain equations. If A is trivial then a
dynamical twist is just a usual twist. In [EN2] for any dynamical twist the
authors endowed the product H⊗k Endk(A) with a nontrivial weak Hopf
algebra structure. One of the main properties that they prove is that if H
is quasitriangular with R-matrix R then R(λ) = J−1(λ)21RJ(λ) satisfies
the dynamical quantum Yang-Baxter equation. See [E] for a comprehensive
presentation of the dynamical quantum Yang-Baxter equation.
Etingof and Nikshych [EN1] classify dynamical twists for group algebras
of finite groups in terms of group data. In this paper we are concerned
with the classification of dynamical twists over any finite-dimensional Hopf
algebras. The approach of this work owns a lot to [EN1], however there are
some differences; the langauge of module categories is used with profit, and
we make use of the stabilizers for Hopf algebra actions introduced by M.
Yan and Y. Zhu [YZ].
The paper is organized as follows. In subsection 2.1 we introduce the basic
notation and conventions, also the main tools that will be needed further.
We recall the definition of modules over a tensor category and some results
from [AM] on modules over the category of representation of a Hopf algebra.
We briefly explain the stabilizers for Hopf algebra actions and some of their
properties.
Date: September 20, 2018.
This work was partially supported by CONICET, Secyt (UNC).
1
2 MOMBELLI
In section 3 we begin with the definition of dynamical twists over a Hopf
algebra and gauge equivalence between them. In subsection 3.1 from a
dynamical twist over a Hopf algebra H we construct a module category over
Rep(H). This module category will be important to understand dynamical
twists.
In subsection 3.2 following the spirit of the work [EN1] we introduce the
definition of dynamical datum. The main new ingredient that appear is the
Yan-Zhu stabilizer. In subsection 3.3 we show how to construct a dynamical
twists from a dynamical datum in such a way that equivalence classes of
dynamical data give the same gauge equivalence of dynamical twists. A
converse of this result is proved in Proposition 3.18. Finally in subsection
3.5 we prove that the constructions explained above are one the inverse of
each other. This is our main result stated in Theorem 3.19.
In section 4 we compute some examples. Specifically, in subsection 4.1
we compute the dynamical twist in the case when K is the group algebra
of the group A, and in subsection 4.2 we show a one-parameter family of
dynamical twists for the Taft Hopf algebras.
Acknowledgments. The author is grateful to Nicola´s Andruskiewitsch for
many remarks that improve the presentation of the paper.
2. Preliminaries
2.1. Notation. Throughout this paper k will denote an algebraically closed
field of characteristic 0, andH shall denote a finite-dimensional Hopf algebra
over k with counit ε and antipode S. We shall denote by Rep(H) the tensor
category of finite-dimensional left H-modules.
If A is a finite Abelian group the group of characters of A will be denoted
by Â. For any λ ∈ Â we sometimes denote by kλ the one-dimensional
representation afforded by λ.
Let K be a left H-comodule algebra with coaction δ : K → H⊗K. An
H-costable ideal of K is a two-sided ideal I of K such that δ(I) ⊆ H⊗I. We
shall say that K is H-simple if there exists no non-trivial H-costable ideal
of K.
We denote by HMK the category of left H-comodules, right K-modules
M such that the left K-module structure M⊗kK → M is an H-comodule
map. If S is another leftH-comodule algebra, the category HSMK will denote
the category of (S,K)-bimodules M with a left H-comodule structure such
that both actions are morphisms of H-comodules.
Lemma 2.1. Let P ∈ HMK . Then EndK(P ) is a left H-comodule algebra
via δ : EndK(P )→ H⊗k EndK(P ), T 7→ T (−1)⊗T (0), determined by
(2.1) 〈α, T (−1)〉T0(p) = 〈α, T (p(0))(−1)S
−1(p(−1))〉T (p(0))(0),
T ∈ EndK(P ), p ∈ P , α ∈ H
∗. Moreover P ∈HS MK , where S = EndK(P ).
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Proof. See [AM, Lemma 1.26]. 
We shall need later the following Frobenius reciprocity.
Lemma 2.2. Let R be a subalgebra of H. For every left R-module W and
a left H-module V there is a natural isomorphism
HomR(W,Res
H
RV ) ≃ HomH(Ind
H
RW,V ).
Proof. See, for example, [AN, Lemma 3.1]. 
2.2. Module categories. We briefly recall the definition of module cate-
gory and the definition introduced by Etingof-Ostrik of exact module cate-
gories. We refer to [O1], [O2], [EO].
Let us fix C a finite tensor category. A module category over C is a
collection (M,⊗,m, l) where M is an Abelian category, ⊗ : C × M →
M is an exact bifunctor, associativity and unit isomorphisms mX,Y,M :
(X⊗Y )⊗M → X⊗(Y⊗M), lM : 1⊗M →M , X,Y ∈ C, M ∈ M, such that
mX,Y,Z⊗M mX⊗Y,Z,M = (idX⊗mY,Z,M)mX,Y⊗Z,M (aX,Y,Z⊗idM ),(2.2)
(idX⊗ lM )mX,1,M = rX⊗idM ,(2.3)
for all X,Y,Z ∈ C, M ∈ M. Sometimes we shall simply say that M is
a module category omitting to mention ⊗,m and l whenever no confusion
arises.
In this paper we further assume that all module categories have finitely
many isomorphism classes of simple objects.
Let M, M′ be two module categories over C. A module functor between
M and M′ is a pair (F, c) where F : M → M′ is a functor and cX,M :
F (X⊗M)→ X⊗F (M) are natural isomorphisms such that
m′X,Y,F (M) cX⊗Y,M = (idX⊗ cY,M) cX,Y ⊗MF (mX,Y,M),(2.4)
l′F (M) c1,M = F (lM ),(2.5)
for all X,Y ∈ C, M ∈M. Two module categories M andM′ are equivalent
if there exists a module functor (F, c) where F is an equivalence of categories.
The module structure over M⊕M′ is defined in an obvious way. A module
category is indecomposable if it is not equivalent to the direct sum of two
non-trivial module categories.
A module category M is exact [EO] if for any projective object P ∈ C
and any M ∈ M the object P⊗M is again projective.
We recall the definition of the internal Hom. This object is an important
tool in the study of module categories. See for example [O1], see also [EO].
LetM be an exact module category over C. Let M1,M2 ∈ M. The func-
tor X 7→ HomM(X⊗M1,M2) is representable and an object Hom(M1,M2)
representing this functor is called the internal Hom of M1 and M2. See
[EO, O1] for details. Thus
HomM(X⊗M1,M2) ≃ HomC(X,Hom(M1,M2))
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for any X ∈ C, M1,M2 ∈ M.
The internal Hom Hom(M,M) of an object M ∈ M is an algebra in C.
The multiplication is constructed as follows. Denote by
evM : End(M)⊗M →M
the evaluation map obtained as the image of the identity under the isomor-
phism
HomC(End(M),End(M)) ≃ HomM(End(M)⊗M,M).
Thus the product µ : End(M)⊗End(M)→ End(M) is defined as the image
of the map
(2.6) evM (id⊗ evM )mEnd(M),End(M),M
under the isomorphism
HomC(End(M)⊗End(M),End(M)) ≃ HomM((End(M)⊗End(M))⊗M,M).
For details we refer to [O1].
2.3. Yan-Zhu stabilizers. In [YZ] the authors introduce a notion of sta-
bilizers for Hopf algebra actions generalizing the existing notion for groups.
In [AM] these objects and a slight extension thereof, called Yan-Zhu stabi-
lizers, were used in connection with module categories over Hopf algebras.
We recall the definition and some of its properties.
LetK be a finite-dimensional leftH-comodule algebra an V, W two leftK-
modules. The Yan-Zhu stabilizer StabK(V,W ) is defined as the intersection
StabK(V,W ) = HomK(H
∗⊗V,H∗⊗W ) ∩ L
(
H∗⊗Hom(V,W )
)
.
Here the map L : H∗⊗Hom(V,W ) → Hom(H∗⊗V,H∗⊗W ) is defined by
L(γ⊗T )(ξ⊗v) = γξ⊗T (v), for every γ, ξ ∈ H∗, T ∈ Hom(V,W ), v ∈ V .
The K-action on H∗⊗V is given by
k · (γ⊗v) = k(−1) ⇁ γ⊗ k(0) · v,
for all k ∈ K, γ ∈ H∗, v ∈ V . Here ⇁: H⊗H∗ → H∗ is the action defined
by 〈h ⇁ γ, t〉 = 〈γ,S−1(h)t〉, for all h, t ∈ H, γ ∈ H∗. Also, we denote
StabK(V ) = StabK(V, V ). The Yan-Zhu stabilizers can also be presented as
the coinvariants of a certain Hopf module, see [AM, Prop. 2.10].
Proposition 2.3. [AM, Prop. 2.7, Prop. 2.16] The following assertions
holds.
1. For any left K-module V the stabilizer StabK(V ) is a left H-module
algebra.
2. If K is H-simple then
(2.7) dim(K) dim(StabK(V,W )) = dim(V ) dim(W ) dim(H).
3. For any X ∈ Rep(H) there are natural isomorphisms
HomH(X,StabK(V,W )) ≃ HomK(X⊗kV,W ).

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In general the Yan-Zhu stabilizer is not easy object to compute, however
we have the following result. Let H˜ ⊆ H be a Hopf subalgebra and K ⊇
R = KcoH be a Hopf-Galois extension over H˜.
Proposition 2.4. For any V,W left K-modules there is an H-module iso-
morphism StabK(V,W ) ≃ Hom eH(H,HomR(V,W )).
Proof. See [AM, Theorem 2.23]. 
Let K be a H-simple left H-comodule algebra with coaction given by
δ : K → H⊗kK. The category of finite dimensional left K-modules KM is
an exact module category over Rep(H), see [AM, Prop. 1.20 (i)]. The action
⊗ : Rep(H) × KM → KM is X⊗V = X⊗kV , where the left K-action on
X⊗kV is given by δ, that is
(2.8) k · (x⊗v) = k(−1) · x⊗ k(0) · v,
for all k ∈ K, x ∈ X, v ∈ V . The associativity and unit isomorphisms are
canonical.
Proposition 2.3 (3) implies that the Yan-Zhu stabilizers are the internal
Hom’s of the module category KM. As a consequence of this observation
and [EO, Th. 3.17] we have the following result.
Corollary 2.5. If K is H-simple and V is a left K-module, then KM ≃
Rep(H)StabK(V ) as module categories over Rep(H).
Proof. See [AM, Corollary 3.2]. 
Let us recall a result from [AM] that will be very useful later.
Theorem 2.6. [AM, Theorem 3.3] If M is an exact idecomposable module
category over Rep(H) then M ≃ KM for some H-simple left comodule
algebra K with KcoH = k. 
Let S be another H-simple left H-comodule algebra.
Proposition 2.7. [AM, Prop. 1.24] The module categories KM, SM over
Rep(H) are equivalent if and only if there exists P ∈ HMS such that K ≃
EndS(P ) as H-module algebras. Moreover the equivalence is given by F :
KM→ SM, F (V ) = P⊗SV , for all V ∈ KM. 
3. Dynamical twists for Hopf algebras
Hereafter H will denote a finite-dimensional Hopf algebra and A ⊆ G(H)
a finite Abelian subgroup of the group of group-like elements of H. We first
recall the definition of dynamical twist over H, see [B], [BBB], [EN1], [EN2].
Definition 3.1. Let J : Â→ H⊗H be a linear map with invertible values.
J is a dynamical twist for H if for any λ ∈ Â and a ∈ A
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J(λ)(a⊗a) = (a⊗a)J(λ),(3.1) ∑
µ∈ bA
(∆⊗id )J(λ)
(
J(λµ−1)⊗Pµ
)
= (id⊗∆)J(λ) (1⊗J(λ)),(3.2)
(ε⊗id )J(λ) = (id⊗ε)J(λ) = 1.(3.3)
Here, for any µ ∈ Â, Pµ =
1
|A|
∑
a∈A
µ(a−1) a ∈ kA, is the minimal idempotent
corresponding to the character µ.
We will often use the notation: J(λ) = J1(λ)⊗ J2(λ) = j1(λ)⊗j2(λ),
J(λ)−1 = J−1(λ)⊗ J−2(λ), λ ∈ Â.
Definition 3.2. Two dynamical twists J, J ′ : Â → H⊗H are gauge equiv-
alent if there exists a map t : Â → H, called the gauge equivalence, with
invertible values such that for all a ∈ A, λ ∈ Â
ε(t(λ)) = 1,(3.4)
t(λ) a = a t(λ),(3.5)
J ′(λ) = ∆(t(λ)−1)J(λ)
∑
µ∈ bA
(
t(λµ−1)⊗Pµt(λ)
)
.(3.6)
For any λ ∈ Â and V a left A-module we denote by V [λ] the isotypic
component of type λ, that is
V [λ] = {v ∈ V : a · v = λ(a) v for all a ∈ A}.
In particular if X ∈ Rep(H), then X[λ] makes sense by restriction of the
action to k[A].
Now we will define an H-module algebra that will be useful later. For
any µ ∈ Â define
C(µ) = {f ∈ H∗ : f(ah) = µ(a)f(h) for all a ∈ A}.
In another words C(µ) = H∗[λ]. We shall consider the left action of H on
C(µ) defined as follows. For t, h ∈ H and f ∈ C(µ), (h · f)(t) = f(th).
If J : Â → H⊗H is a map that takes invertible elements and satisfies
(3.1), for each λ ∈ Â we will define a product in C(ε) as follows. Let
f, g ∈ C(ε) then define
(f · g)(t) = f(J−1(λ)h(1)) g(J
−2(λ)h(2)),(3.7)
for all h ∈ H. Since J commutes with ∆(a) for all a ∈ A then f · g ∈ C(ε).
We shall denote by Bλ the space C(ε) with this product.
Lemma 3.3. If J : Â→ H⊗H is a dynamical twist then Bλ is an H-module
algebra.
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Proof. We only prove the associativity of the product. Let f, g, j ∈ Bλ and
h ∈ H then
(f · (g · l))(h) = f(J−1(λ)h(1)) (g · l)(J
−2(λ)h(2))
= f(J−1(λ)h(1)) g(j
−1(λ)J−2(λ)(1)h(2)) l(j
−2(λ)J−2(λ)(2)h(3))
= f(j−1(λ)J−1(λ)(1)h(1)) g(j
−2(λ)J−1(λ)(2)h(2)) l(J
−2(λ)h(3))
= ((f · g) · l)(h).
The third equality by (3.2) since l ∈ C(ε) and ε(Pµ) = δµ,ε for all µ ∈ Â.

A variation of the algebra Bλ was considered in [EN1]. For usual twists
the algebra Bλ was first considered in [Mov] for the classification of twists
in group algebras. See also [AEGN] and references therein.
Remark 3.4. There is an isomorphism of H-modules C(λ−1) ≃ (IndHAλ)
∗
given by ξ : C(λ−1)→ (IndHAλ)
∗, ξ(f)(h⊗1) = f(S(h)), for all h ∈ H. Here
h⊗1 denotes the class of h⊗1 in H⊗Akλ.
3.1. Module categories coming from dynamical twists. For any dy-
namical twist we construct a semisimple module category over Rep(H). The
idea of relate dynamical twists with module categories is due to Ostrik, see
[O1, section 4.4]. In loc. cit. the author interpret the classification of dy-
namical twists over group algebras given in [EN1] as a particular case of his
classification of module categories over group algebras.
Let J : Â → H⊗H be a dynamical twist. Denote by M(J) the Abelian
category of left k[A]-modules with the following module category structure.
Define ⊗ : Rep(H)×M(J) →M(J), X⊗V := X⊗kV , X,Y ∈ Rep(H), V ∈
M(J), where the A-module structure over X⊗kV is given by the diagonal
map. Define also mX,Y,V : (X⊗Y )⊗V → X⊗(Y⊗V ) by
mX,Y,V (x⊗y⊗n) = J
−1(λ) · x⊗ J−2(λ) · y⊗n,(3.8)
for any x ∈ X, y ∈ Y, n ∈ V [λ−1]. Since J commutes with elements in A
then mX,Y,V is an k[A]-module map.
Lemma 3.5. (M(J),⊗,m, id ) is an indecomposable module category over
Rep(H).
Proof. Let X,Y,Z ∈ Rep(H), M ∈ M(J) and x ∈ X, y ∈ Y, z ∈ Z[µ], n ∈
M [λ−1]. Then
mX,Y,Z⊗M mX⊗Y,Z,M(((x⊗y)⊗z)⊗n) =
= mX,Y,Z⊗M (J
−1(λ) · (x⊗y)⊗J−2(λ) · z⊗n)
= j−1(λµ−1)J−1(λ)(1) · x⊗j
−2(λµ−1)J−1(λ)(2)⊗J
−2(λ) · z⊗n.
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Next,
(idX⊗mY,Z,M)mX,Y⊗Z,M((x⊗(y⊗z))⊗n) =
= (idX⊗mY,Z,M)(J
−1(λ) · x⊗J−2(λ) · (y⊗z)⊗n
= J−1(λ) · x⊗j−1(λ)J−2(λ)(1) · y⊗j
−2(λ)J−2(λ)(2) · z⊗n.
Thus equation (3.2) implies (2.2). Equation (2.3) follows immediately from
(3.3). The indecomposability of the module category M(J) follows as in
[AM, Prop. 1.18]. 
Lemma 3.6. If J, J˜ are gauge equivalent dynamical twists, then M(J) ≃
M(
eJ) as module categories over Rep(H).
Proof. Let t : Â → H be the gauge equivalence for J and J ′. Define the
module functor (F, c) :M(J) →M(
eJ) as follows. For any X ∈ Rep(H),M ∈
M(J), F (M) =M and cX,M : X⊗kM → X⊗kM is defined by
cX,M (x⊗m) = t(λ) · x⊗m,
for all x ∈ X,m ∈ M [λ−1]. Since t(λ) commutes with elements in A the
map cX,M is an A-module morphism. Equation (2.4) follows from (3.6) and
equation (2.5) follows from (3.4). Clearly (F, c) is an equivalence of module
categories. 
The internal Hom of the module category M(J) can be explicitly calcu-
lated. This is the next result.
Lemma 3.7. There is an isomorphism Bλ−1 ≃ Hom(kλ,kλ) as H-module
algebras.
Proof. First let us prove that there are natural isomorphisms
HomH(X,Bλ−1) ≃ HomA(X⊗kkλ,kλ)
for every X ∈ Rep(H). Let φX : HomH(X,Bλ−1) → HomA(X⊗kkλ,kλ),
and ψX : HomA(X⊗kkλ,kλ) →HomH(X,B−λ) be the maps defined by
φX(α)(x⊗1) = α(x)(1), ψX(β)(x)(t) = β(t · x⊗1),
for all x ∈ X, t ∈ H.
A straightforward computation shows that φX and ψX are well defined
maps one the inverse of the other. Now we must prove that the algebra
structure on the internal Hom described in subsection 2.2 coincides with the
algebra structure of Bλ−1 given in (3.7) via these isomorphisms.
In this case is not hard to see that the evaluation map ev : Bλ−1⊗kkλ →
kλ is ev(f⊗1) = φBλ−1 (id )(f⊗1) = f(1) for all f ∈ Bλ−1 . The product
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µ : Bλ−1⊗kBλ−1 → Bλ−1 according to 2.6 is
µ(f⊗g)(t) = ψB
λ−1⊗kBλ−1
(
ev (id⊗ev)mB
λ−1 ,Bλ−1 ,kλ
)
(f⊗g)(t)
=
(
ev (id⊗ev)mB
λ−1 ,Bλ−1 ,kλ
)
((t(1) · f⊗t(2) · g)⊗1)
=
(
ev (id⊗ev)
)
(J−1(λ−1)t(1) · f⊗J
−2(λ−1)t(2) · g⊗1)
= f(J−1(λ−1)t(1)) g(J
−2(λ−1)t(2)),
for all f, g ∈ Bλ−1 , t ∈ H. 
3.2. Dynamical Datum. We introduce the notion of dynamical datum
following ideas contained in [EN1].
Definition 3.8. A dynamical datum for the pair (H,A) is a collection
(K, {Vλ}λ∈ bA) where K is an H-simple left H-comodule algebra, semisim-
ple as an algebra, such that KcoH = k, and Vλ is a collection of irreducible
K-modules, such that for every λ, µ ∈ Â there are H-module isomorphisms
(3.9) StabK(Vλ, Vµ) ≃ C(λµ
−1).
Two dynamical data (K, {Vλ}), (S, {Wλ}) are equivalent if and only if
there exists an object P ∈ HMS such that K ≃ EndS(PS) as H-comodule
algebras, and a family of K-module isomorphisms
{φλ : P⊗SWλ → Vλ|λ ∈ Â}.
Remark 3.9. The H-module algebra structure on EndS(PS) is given in
Lemma 2.1.
Our definition of dynamical datum is equivalent with the definition given
in [EN1] when H = k[G] is the group algebra of a finite group G.
Indeed if K is a k[G]-simple left comodule algebra such that KcoG = k
then K = kψ[F ] is the twisted group algebra of a subgroup F of G and
ψ ∈ Z2(F,k×) is a normalized 2-cocycle.
If (K, {Vλ}) is dynamical datum in our sense then Stabkψ [F ](Vλ, Vµ) ≃
C(λµ−1). But we know that StabkψF (Vλ, Vµ) ≃ k[G]⊗F Hom(Vλ, Vµ), see
[AM, Ex. 2.18]. Also, IndGA λ ≃ C(λ) as k[G]-modules, where the iso-
morphism is given by β : IndGA λ → C(λ), β(g⊗1)(h) = δg−1(Pλ h) for all
g, h ∈ G. Altogether implies that kG⊗kF (Vµ⊗kV
∗
λ ) ≃ Ind
G
A (λµ
−1), thus
(kψˆ[F ], {V ∗λ }) is a dynamical datum according to the definition given in
[EN1]. Here ψˆ(g, h) = ψ(h−1, g−1) for all g, h ∈ F .
Is not hard to prove also that in this case two dynamical data (kψ[F ], {Vλ}),
(kψ[F ′], {V ′λ}) are equivalent, according our definition, if and only if there
exists g ∈ G such that F ′ = adgF and the corresponding representations
are conjugated by g. This follows from the fact that k[G] is pointed and the
quotient kG/F is a cosemisimple coalgebra.
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Lemma 3.10. Let (K, {Vλ}λ∈ bA) be a dynamical datum. Then
1. Vλ and Vµ are non-isomorphic K-modules if λ 6= µ.
2. For all λ ∈ Â
(3.10) (dimVλ)
2 | A |= dimK.
Proof. (1) Assume that λ 6= µ. Then
HomK(Vλ, Vµ) ≃ HomH(k,StabK(Vλ, Vµ)) ≃ HomH(k, C(λµ
−1))
≃ HomH(k, (Ind
H
A (µλ
−1))∗) ≃ HomkA(µλ
−1,k) = 0.
The first isomorphism is a particular case of Proposition 2.3 (3) and the
third is Remark 3.4.
(2) By the definition of dynamical datum we have that StabK(Vλ) ≃ C(ε).
Thus
dimStabK(Vλ) =
dimH
| A |
.
Now equation (3.10) follows from (2.7). 
Remark 3.11. Observe that (3.10) implies that the set {Vλ}λ∈ bA is a complete
set of representatives of isomorphism classes of irreducible representations
of K.
3.3. Dynamical twists constructed from a dynamical datum. Let
(K, {Vλ}λ∈ bA) be a dynamical datum. We shall construct a dynamical twist
associated to (K, {Vλ}λ∈ bA). This procedure is called the exchange construc-
tion in [EN1], see also [EV].
If X ∈ Rep(H) and V ∈ KM, we always assume that the vector space
X⊗kV carries the left K-action described in (2.8).
For any pair λ, µ ∈ Â choose H-module isomorphisms
ωλ,µ : StabK(Vλ, Vµ) ≃ C(λµ
−1)
such that for λ = µ the identity of StabK(Vλ) is mapped to ε.
For any λ, µ ∈ Â, x ∈ X[µ] denote by Ψ(λ, x) : X∗⊗kVλ → Vλµ the
K-map obtained as the image of x under the (natural) isomorphisms
X[µ] ≃ HomA(µ,Res
H
AX) ≃ HomH(Ind
H
A µ,X)
≃ HomH(X
∗, (IndHA µ)
∗) ≃ HomH(X
∗, C(µ−1))
≃ HomH(X
∗,StabK(Vλ, Vλµ)) ≃ HomK(X
∗⊗kVλ, Vλµ).
(3.11)
The second isomorphism by Frobenius reciprocity 2.2, and the fourth is re-
mark 3.4, the fifth isomorphism is defined by ωλ,λ µ and the last isomorphism
comes from Proposition 2.3 (3).
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More explicitly if f ∈ X∗, v ∈ Vλ then
Ψ(λ, x)(f⊗v) = ω−1λ, λ µ(f˜
x)(1⊗v),(3.12)
where f˜x is the element in C(µ−1) defined by f˜x(h) = f(S(h) · x), for all
h ∈ H.
Lemma 3.12. Let X,Y ∈ Rep(H) and f : X → Y an H-module map. If
λ, µ ∈ Â and x ∈ X[µ] then
Ψ(λ, f(x)) = Ψ(λ, x)(f∗⊗ id Vλ).(3.13)
Proof. Straightforward. It follows from the naturality of the isomorphisms
(3.11) or directly from 3.12. 
For any X,Y ∈ Rep(H), V ∈ KM we shall denote by φXY : (X⊗kY )
∗ →
Y ∗⊗kX
∗ the canonical isomorphism andmXY V : (X⊗kY )⊗kV → X⊗k(Y⊗kV )
the canonical associativity isomorphism.
Let Y be another H-module and y ∈ Y ([η]. The composition
(X⊗kY )
∗⊗kVλ
φXY ⊗id−−−−−−→ (Y ∗⊗kX
∗)⊗kVλ
mY ∗,X∗,Vλ−−−−−−−−→ Y ∗⊗k(X
∗⊗kVλ) −→
id⊗Ψ(λ,x)
−−−−−−−−→ Y ∗⊗kVλµ
Ψ(λµ,y)
−−−−−−→ Vλµη
determines a unique element in (X⊗kY )[µη], that we denote by IXY (λ)(x⊗y).
That is, we have defined a map IXY (λ) : X⊗kY → X⊗kY by
Ψ(λ, IXY (λ)(x⊗y)) = Ψ(λµ, y) (id⊗Ψ(λ, x))mY ∗,X∗,Vλ(φXY⊗id ).(3.14)
By (3.13) the maps IXY are natural, in particular, there is an element
I(λ) ∈ H⊗kH such that
IXY (λ)(x⊗y) = I(λ)(x⊗y),(3.15)
for all λ ∈ Â, x ∈ X, y ∈ Y .
Lemma 3.13. I(λ) ∈ H⊗kH is an invertible element for all λ ∈ Â.
Proof. The proof is entirely similar to the proof of [EN1, Lemma 6.2]. For
completeness we will write it down. By the definition (3.14) of IXY the
surjectivity of the map
IXY (λ) :
⊕
ν
X[µν−1]⊗kY [νη]→ (X⊗kY )[µη]
is equivalent to the surjectivity of the composition⊕
ν
HomK(Vν , Y ⊗kVη)⊗kHomK(X
∗⊗kVλ, Vν)→ HomK(X
∗⊗kVλ, Y ⊗kVη)
and this follows since X∗⊗kVλ ≃
⊕
ν X[νλ
−1]⊗kVν ; indeed by the isomor-
phisms (3.11) HomK(X
∗⊗kVλ, Vν)≃ X[νλ
−1], so a copy of
⊕
ν X[νλ
−1]⊗kVν
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is inside of X∗⊗kVλ but
dim(
⊕
ν
X[νλ−1]⊗kVν) =
∑
ν
dim(X[νλ−1]) dim(Vν)
=
∑
ν
dim(X[νλ−1]) dim(Vλ)
= dim(X) dim(Vλ) = dim(X
∗⊗kVλ).
Here the second equality follows from (3.10), that is all modules Vν have the
same dimension.

Let us define J : Â→ H⊗kH by J(λ) = S
−1(I−2(λ))⊗S−1(I−1(λ)).
Proposition 3.14. J(λ) is a dynamical twist for H.
Proof. Let X,Y,Z ∈ Rep(H), x ∈ X(µ), y ∈ Y (η), z ∈ Z(ν) and µ, η, ν, λ ∈
Â. If a ∈ A then
IXY (λ)(a · x⊗ a · y) = (µη)(a)IXY (λ)(x⊗y) = a · IXY (λ)(x⊗y).
Hence I(λ) and therefore J(λ) commutes with a⊗ a for all a ∈ A.
Set m1 = mZ∗,(X⊗Y )∗,Vλ, m2 = m(Y⊗Z)∗,X∗,Vλ . The associativity implies
that
Ψ(λµη, z)
(
id Z∗⊗Ψ(λ, IXY (λ)(x⊗y))
)
m1(φX⊗Y,Z⊗id )
equals to
Ψ(λµ, IY Z(λµ)(y⊗z))
(
id (Y⊗Z)∗⊗Ψ(λ, x)
)
m2(φX,Y⊗Z⊗id )(a
∗⊗id ),
thus IX⊗Y,Z(λ)(IXY (λ)(x⊗y)⊗z) = IX,Y⊗Z(λ)(x⊗IY Z(λµ)(y⊗z)). This
implies that
(∆⊗id )I(λ) (I(λ)⊗1) =
∑
µ
(id⊗∆)I(λ) (Pµ⊗I(λµ)).
Using the definition of J , the fact that S(Pµ) = Pµ−1 and properties of the
antipode we get that J(λ) satisfies equation 3.2. Also, since we have chosen
isomorphisms wλ,λ such that maps the identity of StabK(Vλ) to ε then J(λ)
verifies identity (3.3).

We shall say that J : Â→ H⊗H is the dynamical twist associated to the
dynamical datum (K, {Vλ}).
Proposition 3.15. Let (K, {Vλ}) be a dynamical datum and J : Â→ H⊗H
the dynamical twists associated. Then
KM≃M
(J)
as module categories over Rep(H).
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Proof. We know that for any λ ∈ Â there are module equivalences KM ≃
Rep(H)StabK(Vλ) and M
(J) ≃ Rep(H)Bλ . The first one is Corollary 2.5 and
the second follows from Lemma 3.7 and [EO, Theorem 3.17]. We shall prove
that the H-module isomorphism wλ = wλ,λ : StabK(Vλ)→ Bλ is an algebra
isomorphism. This will end the proof.
Let λ ∈ Â, v ∈ Vλ and f, g ∈ Bλ. Denote X = Hupslope(kA)
+H, thus
X∗ = C(ε). Then using (3.12) we get
Ψ(λ, 1) (id⊗Ψ(λ, 1))(f⊗g⊗v) = Ψ(λ, 1)(g⊗ω−1λ (f˜)(1⊗v))
= ω−1λ (g˜) ω
−1
λ (f˜)(1⊗v)
= ω−1λ (g ◦ S) ω
−1
λ (f ◦ S)(1⊗v)
Recall that here f˜ ∈ Bλ denotes the map f˜(h) = f(S(h)), for all h ∈ H. On
the other hand
Ψ(λ, IXX(λ)(1⊗1))(f⊗g⊗v) = ω
−1
λ (f˜
I1(λ)⊗g˜I
2(λ))(1⊗v),
where, for all h ∈ H
(f˜ I
1(λ)⊗ g˜I
2(λ))(h) = (f⊗g)(S(h) · I(λ))
= (g ◦ S)(J−1(λ)h(1))(f ◦ S)(J
−2(λ)h(2))
= (g ◦ S) · (f ◦ S)(h).
The product on last equality is the product in Bλ. Therefore
ω−1λ (g ◦ S) ω
−1
λ (f ◦ S) = ω
−1
λ ((g ◦ S) · (f ◦ S)),
and this ends the proof. 
The construction of the dynamical twist from the dynamical datum is not
canonical, however, in the following we shall prove that equivalent dynamical
data defines the same gauge equivalence class of dynamical twist. First we
need the next technical Lemma.
Let K,S be left H-comodule algebras and P ∈ HKMS . For any X ∈
Rep(H), M ∈ SM let
θX,M : X⊗k(P⊗SM)→ P⊗S(X⊗kM)
be defined by θX,M (x⊗p⊗m) = p(0)⊗S
−1(p(−1)) ·x⊗m, for any x ∈ X,m ∈
M,p ∈ P .
Lemma 3.16. Let X,Y ∈ Rep(H), M,N ∈ SM, then the maps θX,M are
well-defined K-isomorphisms. Also if g : M → N is an S-module map and
f : X → Y an H-module map we have
θX⊗kY,M = θX,Y⊗kM (idX⊗ θX,M),(3.16)
(id P⊗idX⊗g) θX,M = θX,N (idX⊗id P⊗g),(3.17)
(id P⊗f⊗idM ) θX,M = θY,M(f⊗id P⊗idM ).(3.18)
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Proof. Straightforward.

Proposition 3.17. If (K, {Vλ}) and (S, {Wλ}) are equivalent dynamical
data then the associated dynamical twists are gauge equivalent.
Proof. Let J, J ′ be the dynamical twists associated to (K, {Vλ}) and (S, {Wλ})
respectively and correspondingly the maps Ψ,Ψ′ and I, I ′. Since (K, {Vλ})
and (S, {Wλ}) are equivalent there exists P ∈
HMS such thatK ≃ EndS(PS)
as H-comodule algebras, and K-module isomorphisms φλ : P⊗SWλ → Vλ.
Let µ, λ ∈ Â and X ∈ Rep(H). For any x ∈ X[µ], define σX(λ)(x) the
element obtained as the preimage of the map
X∗⊗kVλ
id X∗⊗φ−1λ−−−−−−−−→ X∗⊗k(P⊗SWλ)
θX∗,Wλ−−−−−→ P⊗S(X
∗⊗kWλ) −→
id P⊗Ψ′(λ,x)
−−−−−−−−−→ P⊗SWλµ
φλµ
−−−→ Vλµ.
under the ismorphisms 3.11. That is
Ψ(λ, σX(λ)(x)) = φλµ (id P⊗Ψ
′(λ, x)) θX∗,Wλ (idX∗⊗φ
−1
λ ).(3.19)
We claim that the maps σX(λ) are natural isomorphisms. Indeed, if
x ∈ X[µ], Y ∈ Rep(H) and f : X → Y is an H-module map then
Ψ(λ, (σY (λ) ◦ f)(x)) = Ψ(λ, σY (λ)(f(x)))
= φλµ (id P⊗Ψ
′(λ, f(x))) θY ∗,Wλ (id
∗
Y⊗φ
−1
λ )
= φλµ
(
id P⊗Ψ
′(λ, x)(f∗⊗idWλ)
)
θY ∗,Wλ (id
∗
Y⊗φ
−1
λ )
= φλµ
(
id P⊗Ψ
′(λ, x)
)
θX∗,Wλ(f
∗⊗φ−1λ )
= Ψ(λ, σX(λ)(x))(f
∗⊗ id Vλ)
= Ψ(λ, (f ◦ σX(λ))(x)).
The third equality by (3.13), the fourth by (3.18) and the sixth again by
(3.13). Therefore there exists an invertible element σ(λ) ∈ H such that
σX(λ)(x) = σ(λ) · x
for all λ ∈ Â, x ∈ X. Set t(λ) = S−1(σ(λ)−1). We shall prove that t(λ) is
a gauge equivalence between J and J ′. Clearly t(λ) verifies (3.4) and (3.5).
Let us prove that (3.6) holds. Let η ∈ Â, Y ∈ Rep(H), y ∈ Y [η] then
Ψ(λ, σX⊗Y (λ)I
′
XY (λ)(x⊗y))) =
= φλµη (id P⊗Ψ
′(λ, I ′XY (x⊗y))) θ(X⊗Y )∗,Wλ (id (X⊗Y )∗⊗φ
−1
λ )
= φλµη (id P⊗Ψ
′(λµ, y))(id P⊗Y ∗⊗Ψ
′(λ, x)) θ(X⊗Y )∗,Wλ (id (X⊗Y )∗⊗φ
−1
λ )
= Ψ(λ, σY (λµ)(y))
(
id Y ∗⊗Ψ
′(λ, σX(λ)(x)
)
(id (X⊗Y )∗⊗φλ))
(id Y ∗⊗ θ
−1
X∗,Wλ
) θ−1Y ∗,Wλ θ(X⊗Y )∗,Wλ (id (X⊗Y )∗⊗φ
−1
λ )
= Ψ(λ, IXY (λ)(σX(λ)(x)⊗ σY (λµ)(y)))
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The third equality follows from (3.17) since Ψ′(λ, x) is an S-module mor-
phism and the fourth follows from (3.16). Thus
IXY (λ)(σX (λ)(x)⊗ σY (λµ)(y)) = σX⊗Y (λ)I
′
XY (λ)(x⊗y),
and this implies (3.6). 
3.4. Dynamical datum constructed from a dynamical twist.
Let J : Â→ H⊗H be a dynamical twist and consider the module category
M(J) explained in subsection 3.1. By Theorem 2.6 there exists an H-simple
left H-comodule algebra K, with KcoH = k and a module equivalence
(F, c) :M(J) → KM. Set Vλ = F (kλ−1) for any λ ∈ Â.
Proposition 3.18. The pair (K, {Vλ}) is a dynamical datum.
Proof. Let X ∈ Rep(H), λ, µ ∈ Â. Then
HomH(X,StabK(Vλ, Vµ)) ≃ HomK(X⊗kVλ, Vµ) ≃
≃ HomK(X⊗kF (kλ−1), F (kµ−1)) ≃ HomK(F (X⊗k kλ−1), F (kµ−1)) ≃
≃ HomA(X⊗k kλ−1 ,kµ−1) ≃ HomA(Res
H
AX,kλµ−1) ≃
≃ HomA(kµλ−1 ,Res
H
AX
∗) ≃ HomH(Ind
H
A (µλ
−1),X∗) ≃
≃ HomH(X, (Ind
H
A (µλ
−1)∗) ≃ HomH(X,C(λµ
−1)).
The last isomorphism by Remark 3.4. Thus by Yoneda’s Lemma there is an
H-module isomorphism StabK(Vλ, Vµ) ≃ C(λµ
−1) . 
The equivalence class of the dynamical data constructed from a dynam-
ical twist as above does not depend on the gauge equivalence class of the
dynamical twists. This is evident from Proposition 2.7.
3.5. Main result. Using the same notation as in [EN1] we shall denote by
T and D the maps between gauge equivalence classes of dynamical twists
and equivalence classes of dynamical data described in subsections 3.3 and
3.4 respectively. That is,


gauge equivalence
classes of
dynamical twists
J : Â→ H ⊗H


D
−−−−−→
T
←−−−−−


equivalence
classes of
dynamical data
(K, {Vλ}λ∈ bA)

 .
Theorem 3.19. The maps D and T are inverses of each other.
Proof. First we shall prove that D ◦ T = Id. Let (K, {Vλ}) be a dynamical
data and J : Â → H⊗H the dynamical twist coming from the exchange
construction according to subsection 3.3. By Proposition 3.15 KM≃M
(J).
Let (S, {Wλ}) be a dynamical data as constructed in subsection 3.4. By
definition SM ≃M
(J), then SM ≃ KM, therefore, using Proposition 2.7,
(S, {Wλ}) is equivalent to (K, {Vλ}).
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Now, let us prove that T ◦D = Id. Let J1 : Â → H⊗H be a dynamical
twist and (K, {Vλ}) be the dynamical data constructed as in subsection 3.4.
In particular this means that there is a module equivalence (F, c) :M(J1) →
KM such that F (kλ−1) = Vλ for all λ ∈ Â. Let J2 : Â → H⊗H be the
dynamical data associated to (K, {Vλ}). Let I1, I2 : Â→ H⊗H be the maps
defined as
Ii(λ) = S(J
−2
i (λ))⊗S(J
−1
i (λ)), i = 1, 2.
Let Ψ2 be the map defined form the dynamical data (K, {Vλ}) as in (3.12).
By the exchange construction we know that
Ψ2(λ, I2(λ) · (x⊗y)) = Ψ2(λµ, y) (id⊗Ψ2(λ, x))mY ∗,X∗,Vλ(φXY⊗id ),
(3.20)
for all λ, µ, η ∈ Â, X,Y ∈ Rep(H), x ∈ X[µ], y ∈ Y [η].
For any µ ∈ Â,X ∈ Rep(H), x ∈ X[µ] we denote by Ψ1(λ, x) : X
∗⊗kλ−1 →
k(µλ)−1 the map obtained as the image of x under the composition of iso-
morphisms
X[µ] ≃ HomA(kµ,X) ≃ HomA(X
∗,kµ−1) ≃ HomA(X
∗⊗k kλ−1 ,k(µλ)−1).
An easy computation shows that for all x ∈ X[µ], y ∈ Y [η]
Ψ1(λ, I1(λ) · (x⊗y)) = Ψ1(λµ, y)
(
id⊗Ψ1(λ, x)
)
m˜Y ∗,X∗,k−λ(φXY⊗id ),
where m˜ is the associativity as in (3.8).
To prove that J1 is gauge equivalent to J2 we will use the same idea as in
Proposition 3.17. For any x ∈ X[µ] define the maps σX(λ) : X → X by
Ψ2(λ, σX(λ)(x)) = F (Ψ1(λ, x)) c
−1
X∗,kλ−1
.
The maps σX(λ) are natural isomorphisms, hence there exists an invertible
element σ(λ) ∈ H such that σX(λ)(x) = σ(λ) · x. Set t(λ) = S
−1(σ(λ)−1).
We will prove that t(λ) defines a gauge equivalence between J1 and J2. Now
Ψ2(λ, σX⊗Y (λ)I1(λ) · (x⊗y)) = F (Ψ1(λ, I1(λ) · (x⊗y))) c
−1
(X⊗Y )∗,k
λ−1
= F (Ψ1(λµ, y))F (id⊗Ψ1(λ, x))F (m˜Y ∗,X∗,k
λ−1
) c−1Y ∗⊗X∗,k
λ−1
= F (Ψ1(λµ, y))F (id⊗Ψ1(λ, x)) c
−1
Y ∗,X∗⊗k
λ−1
(id⊗c−1X∗,k
λ−1
)mY ∗,X∗,Vλ
= F (Ψ1(λµ
−1, y)) c−1Y ∗,k(µλ)−1
(id⊗F (Ψ1(λ, x)) c
−1
X∗ ,kλ−1
)mY ∗,X∗,Vλ
= Ψ2(λµ, σY (λµ)(y))(id⊗Ψ2(λ, σX(λ)(x)))mY ∗,X∗,Vλ
= Ψ2(λ, I2(λ) · (σX(λ)(x))⊗ σY (λµ)(y))).
The third equality by (2.4) and the fourth by the naturality of c. Therefore
I2(λ) · (σX(λ)(x))⊗ σY (λµ)(y) = σX⊗Y (λ)I1(λ) · (x⊗y),
and this equality implies that t(λ) satisfies (3.6). 
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Remark 3.20. As a immediate consequence of Theorem 3.19 we note that
gauge equivalence classes of (usual) twists for Hopf algebras are parameter-
ized by equivalence classes of pairs (K,V ) where
• K is a semisimple H-simple left H-comodule algebra,
• KcoH = k, and
• StabK(V ) ≃ H
∗ as left H-modules
If this is the case then K is simple algebra, something expected since the
category KM must have only one simple object.
4. Some examples
In this section we shall give some examples of dynamical data and we
compute the corresponding dynamical twist.
4.1. Case when K = k[A].
This example is [EN1, Ex. 6.10] for an arbitrary Hopf algebra. Let
K = k[A] the group algebra of the group A. Let f : Â → Â be a bijection.
Assume that for all λ, µ ∈ Â there exists an element g(λ, µ) in the normalizer
N(A) of A such that(
f(λ)f(µ)−1
)
(a) = (µλ−1)(g(λ, µ) a g(λ, µ)−1)(4.1)
for all a ∈ A. Set Vλ = kf(λ), then (K, {Vλ}) is a dynamical datum for
(H,A).
Proof. Clearly K is an H-simple left H-comodule algebra, semisimple as
an algebra with trivial coinvariants. By Proposition 2.4 Stabk[A](Vλ, Vµ) ≃
Homk[A](H,Homk(Vλ, Vµ). Define the map ωλ,µ : Homk[A](H,kf(µ)f(λ)−1 )→
C(λµ−1) as follows. If α ∈ Homk[A](H,kf(µ)f(λ)−1), h ∈ H then
ωλ,µ(α)(h) = α(g(λ, µ)
−1h).
Equation (4.1) implies that ωλ,µ(α) ∈ C(λµ
−1). 
Now we compute the corresponding dynamical twist associated to (K, {Vλ}).
If X ∈ Rep(H), x ∈ X[µ], in this case the maps Ψ : X∗⊗k kf(λ) → kf(λµ)
are
Ψ(λ, x)(f⊗1) = f(g(λ, λµ)−1 · x)
for all f ∈ X∗. Let us compute the corresponding dynamical twist. Let
µ, η ∈ Â and f1, f2 ∈ H
∗, then Ψ(λ, I(λ)(Pµ⊗Pη))(f1⊗f2⊗1) is equal to
f1(g(λ, λµη)
−1I2(λ)Pη) f2(g(λ, λµη)
−1I1(λ)Pµ).
On the other hand we have that
Ψ(λµ, Pη)(idH∗⊗Ψ(λ, Pµ)(f1⊗f2⊗1)
is equal to
f1(g(λ, λµ)
−1Pµ) f2(g(λ, λη)
−1Pη).
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Hence
I−1(λ) =
∑
µ,η
g(λ, λµ) g(λ, λµη)−1Pµ⊗ g(λ, λη) g(λ, λµη)
−1Pη.
Thus the dynamical twist in this case is
J(λ) =
∑
µ,η
Pµg(λ, λµ
−1η)g(λ, λµ−1)−1⊗Pηg(λ, λµ
−1η)g(λ, λη−1)−1.
4.2. Dynamical twists for the Taft Hopf algebras. In this subsection
for each c ∈ k× we construct a dynamical twist for the Taft Hopf algebras.
Let q be a n-primitive root of 1. Recall that the Taft algebra T (q) is the
algebra generate by g, x subject to the relations xn = 0, gn = 1, gx = q xg.
The Hopf algebra structure is determined by
∆(g) = g⊗g, ∆(x) = 1⊗x+ x⊗g, ε(g) = 1, ε(x) = 0,
S(g) = g−1, S(x) = −xg−1.
Let d ∈ N a divisor of n and set n = dm. For any c ∈ k denote by A(d, c)
the algebra generated by h and y subject to the relations yn = c.1, hd = 1
and hy = qm yh.
Define δ : A(d, c)→ T (q)⊗kA(d, c) by
δ(h) = g−m⊗h, δ(y) = g−1⊗ y − xg−1⊗1.
These algebras are left T (q)-module algebra T (q)-simple. Moreover A(d, c)
is semisimple if and only if c 6= 0. This algebras were considered in [MS],
and also in [EO] where they classify indecomposable exact module categories
over Rep(T (q)).
Fix c, b ∈ k× such that bn = c. For i = 0 . . . n − 1 let Vi be the one-
dimensional vector space generated by vi together with an action of A(1, c)
defined by y · vi = q
ib vi. The collection {Vi} is a complete set of represen-
tatives of isomorphism classes of irreducible modules of A(1, c).
We shall prove that (A(1, c), {Vi}) is a dynamical datum over the abelian
group A =< g > and we compute the corresponding dynamical twist. First
let us prove the following technical result.
Lemma 4.1. Let η ∈ k×. Define ξ ∈ T (q) by
ξ = 1 +
n−1∑
i=1
ai x
ign−i,(4.2)
where al = η
l
∏l
j=1
qn−j+1
qj − 1
for l = 1 . . . n − 1. Then ξ is invertible and
ξ(g + ηx) = gξ.
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Proof. The proof that ξ(g + ηx) = gξ is done by a straightforward com-
putation. Is easy to see that (
∑n−1
i=1 ai x
ign−i)n = 0, this implies that ξ is
invertible.

We shall denote ξj = 1 +
∑n−1
i=1 ai x
ign−i, where al =
1
clqlj
l∏
j=1
qn−j+1
qj − 1
.
Set χi the character of the group A determined by χi(g) = q
i. So
C(χi) = {α ∈ T (q)
∗ : 〈α, gt〉 = qi〈α, t〉 for all t ∈ T (q)}.
Denote Vχi = Vi for all i = 0 . . . n− 1.
Proposition 4.2. The collection (A(1, c), {Vχi}i=0...n−1) is a dynamical da-
tum.
Proof. Since all representations Vi are one-dimensional we can identify the
stabilizer StabA(1,c)(Vi, Vj) with the set
D(i, j) = {α ∈ T (q)∗ : qi−j 〈α, t〉 = 〈α, (g +
1
cqj
x)t〉 for all t ∈ T (q)}.
Indeed by [AM, Lemma 2.8] α⊗T ∈ StabA(1,c)(Vi, Vj) if and only if
〈α, k(−1)t〉T (k(0) · vi) = 〈α, t〉 k · T (vi)
for all k ∈ A(1, c), t ∈ T (q). Since Vi are one-dimensional we can assume
that T (vi) = vj , and taking k = y we get the result. Now we shall prove
that there is a T (q)-module isomorphism D(i, j) ≃ C(χi−j).
Define ωi,j : D(i, j)→ C(χi−j) by
〈ωi,j(α), t〉 = 〈α, ξ
−1
j t〉.
The maps ωi,j are well-defined, indeed if α ∈ D(i, j) and t ∈ T (q) then
〈ωi,j(α), gt〉 = 〈α, ξ
−1
j gt〉 = 〈α, (g +
1
cqj
x)ξ−1j t〉
= qi−j 〈α, ξ−1j t〉 = q
i−j 〈ωi,j(α), t〉.
The second equality by Lemma 4.1. Thus ωi,j(α) ∈ C(χi−j). Clearly ωi,j is
a T (q)-module isomorphism. 
Now we compute the dynamical twist associated to (A(1, c), {Vχi}). Let
X ∈ Rep(T (q)) and x ∈ X[χj ], f ∈ X
∗ then
Ψ(χi, x)(f⊗vi) = ω
−1
i,i+j(f˜
x)(1⊗ vi) = 〈f˜
x, ξi+j〉 vi+j
= 〈f,S(ξi+j) · x〉 vi+j .
For any i = 0 . . . n− 1 denote Pi = Pχi . Let l, r = 0 . . . n− 1 χl, χr ∈ Â and
f1, f2 ∈ T (q)
∗, then Ψ(χi, I(χi)(Pr⊗Pl))(f1⊗f2⊗ vi) is equal to
〈f1,S(ξi+r+l)(2)I
2(χi)Pl〉 〈f2,S(ξi+r+l)(1)I
1(χi)Pr〉 vi+r+l.
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On the other hand
Ψ(χi+r, Pl)(id⊗Ψ(χi, Pr))(f1⊗f2⊗ vi)
is equal to
〈f1,S(ξi+r+l)Pl〉 〈f2,S(ξi+r)Pr〉 vi+r+l.
Hence
S(ξi+r+l)(2)Pl⊗S(ξi+r+l)(1)Pr = S(ξi+r+l)PlI
−2(χi)⊗S(ξi+r)PrI
−1(χi),
so we deduce that
J(χi) =
∑
r,l
(ξi−r−l)(1)ξ
−1
i−r−lPl⊗ (ξi−r−l)(2)ξ
−1
i−rPr.
Remark 4.3. It would be interesting to prove that for each d divisor of n
(A(d, c), {V di }), where V
d
i are the irreducibleA(d, c)-modules, is a dynamical
datum. This result would classify all dynamical twists since the categories
A(d,c)M are all exact indecomposable module categories over Rep(T (q)),
[EO].
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